We study the conversion efficiency of heteronuclear Feshbach molecules in population imbalanced atomic gases formed by ramping the magnetic field adiabatically. We extend the recent work [J. (2006)] without any fitting parameters. We also give the conversion efficiency as an explicit function of initial peak phase space density of the majority species for population imbalanced gases. In the low-density region where Bose-Einstein condensation does not appear, the conversion efficiency is a monotonic function of the initial peak phase space density, but independent of statistics of a minority component. The quantum statistics of majority atoms has a significant effect on the conversion efficiency. In addition, Bose-Einstein condensation of an atomic component is the key element determining the maximum conversion efficiency.
I. INTRODUCTION
There have been a number of efforts to produce molecules in the ultracold atomic gases.
Making use of the Feshbach resonance, homonuclear molecular conversion efficiencies in atomic gases of bosonic 85 Rb atoms and fermionic 40 K atoms were investigated by Hodby et al. [1] . They found that the conversion efficiencies do not reach 100% even for an adiabatic sweep of the magnetic field, but depend on the peak phase space density of initially prepared pure atomic gases.
The ultracold diatomic heteronuclear molecule is now drawing attention. For example,
there is an expectation of realizing quantum computation by making use of the electric dipole moments of heteronuclear molecules [2] . So far several basic experiments have been performed in order to realize this idea. Heteronuclear Feshbach resonances have been investigated in collisions between bosonic 23 Na atoms and fermionic 6 Li atoms [3] , bosonic 87 Rb atoms and fermionic 40 K atoms [4] , and bosonic 87 Rb atoms and bosonic 85 Rb atoms [5] .
The adiabatic conversion efficiency of heteronuclear Feshbach molecules composed of 87 Rb and 85 Rb in population imbalanced gas have been investigated in detail [5] . Fermionic heteronuclear Feshbach molecules via rf association are investigated in a 3D optical lattice [6] .
In order to analyze the experimental data for the molecular conversion efficiency, Hodby et al. [1] devised a stochastic phase space sampling (SPSS) model based on the assumption that only a pair of atoms sufficiently close in phase space can form a molecule through the adiabatic process. With a single fitting parameter γ (a cutoff-radius in phase space), which determines how close two atoms should be in the phase space to form a molecule, the phenomenological SPSS model predicted that the molecular conversion efficiency is a universal function of the initial peak phase space density. The prediction from the SPSS model agreed notably well with the experimental data [1] . The SPSS model was also used to analyze the conversion efficiencies 87 Rb-85 Rb Feshbach molecules [5] , which was in agreement with the experimental data.
On the other hand, Williams et al. [7] provided the theory of Feshbach molecule formation based on the coupled atom-molecule Boltzmann equation. They derived from the first principles the universal functional form for the conversion efficiency without any fitting parameters. This approach is appropriate for the regime t ramp ≫ τ col , where multiple collisions occur. Here, t ramp is an upper bound on the ramp time and τ col is the average time between collisions.
The coupled atom-molecule Boltzmann approach provided a result that the exchange of atoms and molecules ceases when the conservation laws of momentum and energy via the atom-molecule conversion cannot be satisfied [7, 8] . When we neglect the energy shift by the real part of the self-energy, these conservation laws are not satisfied for negative detunings.
The detuning is the difference between an energy of the atomic dissociation continuum and the lowest single particle energy of the molecule, which is controlled by the magnetic field due to the Zeeman shift.
According to Williams et al. [7] , the conversion mechanism can be described as follows.
When the starting point is the positive detuning far from the resonance with pure atomic gas, Feshbach molecules are formed and decay as the detuning is ramped in the region δ > 0.
When the detuning crosses zero and becomes negative, the molecule formation effectively halts, which gives rise to the saturation of molecule production because the momentum and energy conservation laws are not satisfied. If the density is high and the 3-body recombination to form the molecule is effective, the saturation of molecule population would not appear, and the molecule formation would take place even in negative detunings. However, the saturation of the molecule population against the magnetic field is observed in many experiments [1, 5, 9, 10, 11, 12, 13] . Therefore, one is allowed to assume that the sweep speed of the magnetic field is fast with respect to the time scale for 3-body collisions and only the atom-molecule resonant collisions play a role in producing the molecule in these experiments.
On the other hand, the saturation against the inverse sweep rate is reported in experiments [1, 9, 10] . The saturation of molecular population with slow sweep means that the detailed balance is realized. Using the kinetic theory, Williams et al. [7] signified that the atom-molecule resonant collisions alone can give rise to thermal equilibrium as well as chemical equilibrium [8] . Considering the assumption that a sweep is slow with respect to 2-body process but it is fast with respect to the time scale for 3-body recombinations, they concluded that the detailed balance is only realized for positive detunings only through atom-molecule resonant collisions. We note that the production rate of entropy vanishes as long as the slow sweep of the magnetic field keeps the system in local equilibrium. Therefore, when the sweep is so slow that the molecular conversion rate gets saturated, the process may be regarded as adiabatic for positive detunings. For negative detunings, the chemical equilibrium is no longer maintained.
As a result, the conversion efficiency with adiabatic sweep is determined by the molecular fraction at zero detuning, which is a function of the physical quantity of initial state connected through the equal entropy. This mechanism does not require any fitting parameters. According to this mechanism, the conversion efficiencies plotted against the initial peak phase space density [7] agreed well qualitatively with the experiment [1] , even though using an ideal gas mixture model. Although these saturation mechanisms are derived above the superfluid transition temperature, these mechanisms are based on the momentum and energy conversion laws so that they are assumed to be quite general. The principle given in
Ref. [7] was extended to the superfluid phase of a Fermi gas below the transition temperature [14] . Conversion efficiency against the initial temperature [14] including the resonant interaction agreed well qualitatively with the experiment [1] .
Within the classical gas approximation, the explicit formula for the conversion efficiency was given as a function of the initial peak phase space density [7] , which shows a qualitative agreement with the experiment [1] , consistent with the SPSS model.
In this paper, we study the conversion efficiency of the heteronuclear Feshbach molecule in population imbalanced gases, extending the theoretical model provided by Williams et al. [7] . We will show that our calculation agrees with the experimental result by Papp and
Wieman [5] without any fitting parameters. An exquisite point of this theoretical model is that one does not need any fitting parameters so that one can make quantitative prediction for the conversion efficiencies which have not been measured yet. Thus, we investigate various combinations of quantum statistics of atoms. All combinations studied in this paper are collected on the table below. Symbols "B" and "F" represent the quantum statistics of boson and fermion, and symbols " > ", " < " and " m " represent the majority atomic component, the minority atomic component, and the molecular component,
We also give the conversion efficiency as an explicit function of the initial peak phase space density of the majority atomic component. We will show that in the low-density region where Bose-Einstein condensation does not appear the conversion efficiency is a monotonic function of the initial peak phase space density, but independent of statistics of the minority component.
For homonuclear Feshbach molecules, the trend of conversion efficiencies calculated by
Williams et al. [7] was qualitatively consistent with the SPSS model within the range plotted in Refs. [1] and [7] . However, we will show that the model by Williams et al. [7] leads to completely different results from the phenomenological SPSS model at low temperatures, when applied to heteronuclear Feshbach molecules. In the case of bosonic homonuclear
Feshbach molecules composed of bosonic atoms, the trend of conversion efficiency is also expected to have a completely different result from the SPSS model in the presence of BoseEinstein condensation. Although the SPSS model has shown agreement with the experiments so far, the problem with this model with regard to heteronuclear Feshbach molecules is that the atoms of different species are disposed in the same phase space, although they should be essentially in own phase spaces.
II. EQUILIBRIUM THEORY
In this Section, we present the equilibrium theory for the ideal gas mixture composed of two species of atoms and heteronuclear Feshbach molecules, assuming that atomic populations are imbalanced.
We denote the numbers of majority atoms, minority atoms and molecules as N > , N < and N m , respectively. The following two constraints should be satisfied in these systems. The first constraint is the conservation of the total number of particles:
The second constraint is the conservation of the ratio:
where α is determined by initial ratio of N <,ini and N >,ini (where there is no molecular component), i.e., N <,ini /N >,ini ≡ α. By definition of the majority and minority components, one has α ≤ 1. The second constraint can also be written as
In order to impose two constraints in Eqs. (2) and (4) described above, we deal with the grand canonical Hamiltonian with introducing two Lagrange multipliers µ 1 and µ 2 . The partition function Ξ for this grand canonical Hamiltonian is defined by
where β = 1/k B T with k B and T being the Boltzmann's constant and temperature. The
HamiltonianĤ 0 for the ideal gas mixtures is given bŷ
where ε 
The thermodynamic potential Ω is defined by Ω ≡ −k B T ln Ξ. We derive two equations representing two constraints from the thermodynamic potential Ω. The total number of particles is given by N tot = −∂Ω/∂µ 1 , which leads to
The equation representing the second constraint is given by 0 = −∂Ω/∂µ 2 , which leads to
In Eqs. (8) and (9), the negative sign is for bosons and the positive sign is for fermions. The fugacities of the majority atoms, the minority atoms and the heteronuclear molecules are defined by
These fugacities are related to each other through
The relation at zero detuning δ = 0 given by z > z < = z m will play an important role in considering the molecular conversion efficiency.
We consider a gas confined in an anisotropic harmonic trap with frequencies {ω 1/3 . In optical dipole traps, the trap frequencies are determined by the polarizability and the particle masses [15] .
As in Ref. [16] , we assume k B T ≫ ω i and thus use the semi-classical formulation, which replaces the sum over discrete states in Eqs. (8) and (9) by an integral. The density of states
The noncondensed populationÑ B for bosons and the population N F for fermions are represented by the Bose integral G n (z) and the Fermi integral F n (z) respectively, which are given by [16] ,
where z is a fugacity, andω is the geometric average of the trap frequencyω = (ω x ω y ω z ) 1/3 .
The Bose and Fermi integrals are defined by
where Γ(n) is the gamma function. The Bose function is equal to the Riemann-zeta function ζ(n) when z = 1, i.e., G n (z = 1) = ζ(n).
The entropy of noncondensed bosonsS B and the entropy of fermions S F are given by [16] 
In the low temperature limit, they are approximated bỹ
We assume that the initially prepared state has a large and positive detuning so that no molecules exist in the initial state. The initial populations of atoms satisfying two constraints in Eqs. (2) and (4) are given by
According to the model for the molecular conversion efficiency proposed in Ref. [7] , we define the molecular conversion efficiency χ 0 as a fraction of a molecular population N m at zero detuning δ = 0, given by and N 87,ini = 300, 000 reported by Papp et al. [5] to be typically produced.
We note that the two constraints in Eqs. (2) and (4) are given as 
We note that the fugacities z 85 and z m given in Eq. (10) are always less than 1, because the distribution functions must be positive. Below T 87 c , these conditions reduce to
where we have used the condition µ 1 = αµ 2 .
We shall determine the phase diagram in δ-T plane. Below T 
, one has the following exact forms for two condensate populations,
where
. We note that in the limit T → 0, the above condensate populations correspond to the respective initial populations so that one has no heteronuclear molecules at δ > 0 in the limit T → 0. This is specific to the case of a Bose-Bose ideal gas mixture, where the ground state of the system only depends on the sign of the detuning. In contrast, the ground state of a gas including a fermionic component, which we will discuss in the following sections, is dominated by Fermi energy. One can have heteronuclear molecules even in the limit T → 0 at positive detunings in such systems. Strictly speaking, these results in the limit T → 0 are due to our treatment assuming k B T ≫ ω i . In the limit 
, we obtain the exact forms of two condensate populations,
with 
The condensate population N 
So far we have not specified trap frequency for each component. A trap frequency depends on a mass and a polarizability of a particle. The polarizability of a molecule is expressed by the sum of the atomic polarizabilities, when the molecular internuclear separation is large compared to the mean atomic radii [15] . Porlarizabilities of 87 Rb atoms and 85 Rb atoms are equal, because atoms are isotopic. In this isotopic case, ratios of trap frequencies γ 85
and γ m are expressed by masses of two components according to simple formulae given in Ref. [15] . Two atomic masses are different, but the difference of masses are so small that the ratios of trap frequencies are almost unity; γ 85 ≈ 0.99 and γ m ≈ 0.99. As a result, one is allowed to assume that all trap frequencies are equalω 87 =ω 85 =ω m . We will use equal trap frequencies henceforth.
We plot the phase diagram for an ideal gas mixture of 87 Rb atoms, 85 Rb atoms and heteronuclear molecules in Fig. 1 against the detuning δ and the temperature T . As discussed above, populations of 87 Rb atoms, 85 Rb atoms and heteronuclear molecules change dramatically and discontinuously on both sides of the δ = 0 at low temperatures.
In order to form Feshbach molecules, an adiabatic ramp of the magnetic field is typically used. Throughout this process, the entropy should be conserved. The total entropy of this system is given by
where the explicit formula ofS B is given in Eq. (14). In Fig. 3 , we plot the contours of constant entropy assuming the system traverses through the adiabatic ramp.
The adiabatic process connects an initial state with the final state by the equal entropy.
Initial numbers of 87 Rb atoms and 85 Rb atoms are given by
We define the initial transition temperatures for 87 Rb atoms and 85 Rb atoms by
The transition temperatures satisfy T under the condition µ 1 = µ 2 = 0. In this temperature region, the condensate populations are given by
We now determine the conversion efficiency from the heteronuclear molecule fraction at zero detuning. As noted above, in the case of Bose-Bose ideal gas mixtures, one cannot uniquely determine the heteronuclear molecule fraction at δ = 0 below T c . We thus adopt the molecular conversion efficiency as the heteronuclear molecule fraction just above zero
This treatment is appropriate since the adiabatic sweep starts at δ > 0 side and a formation rate and a decay rate vanish at δ = 0 [7] .
By equating a final entropy S f (T f , δ → 0 + ) just above the zero detuning at δ → 0 + with
, we obtain the relation between the final temperature T f and the initial temperature T ini . In the low temperature limit, we obtain the explicit formula,
Fig . 4 shows the relation between the initial temperature and the final temperature de-
The solid line is the numerical result and the dotted line is the low temperature limit given in Eq. (32). In the high temperature limit, the heteronuclear molecular population is so small that the contribution from the heteronuclear molecule entropy to the total entropy is small. As a result, one has T f ≈ T ini in the high temperature region. The dots are the experimental data [5] . The dot-dashed line is the result of our calculation.
The solid line shows the result of the SPSS model and the dashed lines are its uncertainty [5] ,
where we note that a Maxwell-Boltzmann distribution is always used for 85 Rb atoms in their simulation [5] . Our calculation agrees quite well with the behavior of the experiment [5] without any fitting parameters.
In the experiment [5] , the ratio α is changed in order to vary T /T 87 c,ini . However, the qualitative behavior of our calculation is unchanged even if we change the value α. Especially, the conversion efficiency has a plateau at χ 0 =ω The origin of the deviation of our result from the experimental result may be due to our treatment using the ideal gas mixture. Including the mean-field interaction for the majority component 87 Rb atoms in our model will shift the results.
Below the plateau region, the conversion efficiency starts to decrease when both 85 Rb and 87 Rb atoms become Bose-condensed. Comparing our result with the experimental data, the data point at the lowest temperature (χ 0 ≃ 40%) might be considered as the signal of 85 Rb BEC. We write down the conversion efficiency χ 0 in the region where both 87 Rb and 85 Rb components are condensed, as a function of the initial temperature T ini , as follows
For T ini = 0, one cannot convert any atoms into heteronuclear Feshbach molecules.
Although both conversion efficiencies in our model (dot-dashed line) and in the SPSS model [5] (solid line) drop at low temperatures as shown in Fig. 5 On the other hand, when 85 Rb gas is Bose condensed, the SPSS model will predict that the molecular conversion efficiency quickly approaches 100% as the gases go to the ground state [5] . This is because every atom occupies the same state in phase space if the system is in the ground state, and 85 Rb atoms can easily find partners with 87 Rb atoms close to them in phase space due to the principle of the SPSS model. We note that our theory would have also predicted that the conversion efficiency reaches 100% if we defined the conversion efficiency as χ 0 ≡ N m (δ → 0 − )/N 85,ini just below zero detuning. However, this treatment is inappropriate to the argument based on the energy and momentum conservation proposed by Williams et al. [7] .
The conversion efficiency χ 0 in the plateau region, where only 87 Rb atoms are condensed, can be determined as follows. We recall from Eq. (11) that the fugacities satisfy z 87 z 85 = z m at zero detuning. When 87 Rb atoms are condensed, i.e., z 87 = 1, one has the relation z 85 = z m , which makes the population ratio of 85 Rb atoms and heteronuclear molecules independent of the temperature. As a result, the conversion efficiency χ 0 keeps the constant value, exhibiting the plateau. This maximum conversion does not depend on the atomic population ratio α, but does depend on the trap frequencies for minority component and molecule;
χ 0,max =ω 
Even if we regard 85 Rb atoms and heteronuclear molecules as classical gases, this mechanism does not change and the conversion efficiency has a plateau when 87 Rb atoms are condensed, i.e., z 87 = 1. This result is also different from the result of the SPSS model, which shows that the efficiency decreases in the low temperature region when 85 Rb atoms are regarded as the classical gas. From Eq. (34), one sees that the maximum conversion efficiency in our model is given by χ 0,max = 50%, for equal trap frequenciesω 87 =ω 85 =ω m .
Before closing this section, we comment on the conversion efficiencies of bosonic homonuclear Feshbach molecules composed of bosonic atoms. In this case, the theoretical result using the classical gas approximation based on the theoretical model by Williams et al. [7] is qualitatively consistent with the result of experiment and the SPSS model [1] . However, when we extend Ref. [7] to the low temperature regime where Bose-Einsten condensation appears, the result is expected to be also completely different from the result by the SPSS model. In the SPSS model, one expects a complete conversion as long as Bose-Einstein condensation of atomic component appears. On the other hand, applying the theoretical model by Williams et al. [7] , one finds that the conversion efficiency does not have a plateau but starts to decrease when BEC of atoms appears. As a result, one cannot convert any atoms into molecules in the limit T ini → 0. This result can be obtained from the fugacity relation at zero detuning z an ideal trapped gas of bosonic and fermionic atoms and the heteronuclear molecules formed from these atomic components [15] . Their numerical results assumed equal populations in the two atomic components and different trap frequencies.
In this section, we discuss the case with a majority bosonic atom:
following the same procedure as in the previous section. As noted above, the calculations given in this section is only valid for α < 1. On the other hand, the population balanced gas of Bose-Fermi mixture characterized by α = 1 is smoothly connected to the case with a majority fermionic component: {F > + B < ↔ F m }, which we will discuss in the next section.
Under the two constraints in Eqs. (2) and (4), the populations of three components are given by
where N > c is the number of condensate atoms in a bosonic majority component. The condition for a majority component BEC is µ 1 = αµ 2 . Fig. 6 shows the phase diagram showing the boundary of condensate phase of a bosonic majority component. Fig. 7 shows fraction of each component, where we assume α = 2/15. We also assume equal trap frequencies ω > =ω < =ω m for simplicity. Figs. 7 (A), 7 (B) and 7 (C) show fractions of the majority atomic, the minority atomic and the heteronuclear molecular component, defined by N > /N tot , N < /N tot and N m /N tot . Fig. 7 (D) shows the condensed fraction of the majority Fig. 8 shows the contours of constant entropy assuming the system traverses through the adiabatic ramp, where the total entropy is given
Under the condition µ 1 = αµ 2 , the BEC transition temperature T c at zero detuning δ = 0 is given by
Right at zero detuning δ = 0 and below T c , the populations of the bosonic majority component BEC N > c , the fermionic heteronuclear molecule N m , and the fermionic minority component N < are given by
(37)
In the low temperature limit, one can obtain an analytical expression for the final entropy at zero detuning δ = 0 as
where the approximation leading to the last line of Eq. (38) is valid when the final temper- ature satisfies the condition
In a pure atomic gas before a sweep of the magnetic field, initial populations in normal phase are given by
The transition temperature T c,ini and a condensate population N > c,ini below T c,ini are given by
In the low temperature limit, the initial entropy is given by
where the approximation leading to the last line of Eq. (42) is valid when the initial temperature satisfies the condition
Connecting the final entropy at zero detuning δ = 0 with the initial entropy, we obtain the relation between an initial temperature T ini and a final temperature T f . Especially in the low temperature limit, using Eqs. (38) and (42), we obtain the explicit relation
In the high temperature limit, the heteronuclear molecular population is so small that the contribution of the heteronuclear molecule entropy to the total entropy is very small. As a result, one has T f ≈ T ini in the high temperature region. Fig. 9 shows the numerical result for the final temperature as a function of the initial temperature. For comparison, we also plot the analytical result in the low temperature limit given in Eq. (44). 
As shown in Fig. 10 , this value is the maximum conversion efficiency, which does not depend on the number ratio α. From the relation between fugacities z > z < = z m at zero detuning δ = 0, we find z < = z m when the majority component is Bose condensed, i.e., z > = 1. This makes number ratio of the minority component and the heteronuclear molecule constant, and thus the molecular conversion efficiency exhibits a plateau. 44). We assume the ratio α = 2/15, and equal trap frequencies
We note that this result is not expected from the analysis using the SPSS model. As the system approaches the ground state, bosonic atoms occupy the same state in the phase space. In contrast, fermionic atoms spread forming the Fermi surface due to Pauli exclusion principle. At low temperatures where the quantum degeneracy appears, the SPSS model predicts that the conversion efficiency decreases as the temperature goes to zero, because the number of atoms that can find a pair decreases due to a monogamy clause for a proximity atomic pair in phase space. The prescription disposing the atoms of different species in the same phase space leads to this result.
V. GAS OF MAJORITY FERMIONIC ATOM, MINORITY BOSONIC ATOM AND ITS HETERONUCLEAR MOLECULE
In this section, we consider the third case, with a majority component of fermionic atoms:
where N < c is the condensate population of minority atoms. The condition for a minority component BEC is given by µ 1 = −µ 2 . Fig. 11 shows the phase diagram showing the phase boundary for BEC in a bosonic minority component, where we assume α = 3/4 and equal trap frequenciesω > =ω < =ω m for simplicity. Fig. 12 shows fraction of each component.
Figs. 12 (A), 12 (B) and 12 (C) show fractions of the majority atomic, the minority atomic and the heteronuclear molecular components defined by N > /N tot , N < /N tot and N m /N tot . Fig. 12 (D) shows the condensed fraction of the minority atomic component defined by Fig. 13 shows the contours of constant entropy assuming the system traverses through the adiabatic ramp, where the total entropy is given by S = S F (z > ) +S B (z < ) + S F (z m ).
As discussed in the previous section, populations and adiabatic trajectories in δ-T plane assuming equal populations and different trap frequencies are plotted in Ref. [15] . Although we use different parameters from ones in Ref. [15] , characteristic behaviors do not change.
Using this system, Ref. [15] proposed cooling cycle with adiabatic sweep.
The critical detuning δ c above which Bose condensation occurs at zero temperature is given by Of course, the critical detuning δ c in the case α = 0 has no physical meaning, because one has no minority bosonic atoms and no heteronuclear molecules.
We note that the condition for a minority component BEC is given by µ 1 = −µ 2 . Under this condition, the transition temperature T c at zero detuning δ = 0 is given by We first consider the case, α < α c , where no condensation exists at δ = 0. This means that all of the atomic minority component are converted into molecules at T = 0. In such a case, the populations are given by
In this case, the maximum conversion efficiency χ 0 reaches 100% at T = 0.
In the low temperature limit, the final entropy at zero detuning δ = 0 is given by
where the approximation leading to the last line is valid when the final temperature satisfies the condition
In a pure atomic gas before a sweep of the magnetic field, the initial populations are given by
The initial transition temperature T c,ini and a condensate population N < c,ini below T c,ini are given by
(53)
where the approximation leading to the last line is valid when the initial temperature satisfies the condition
Connecting the final entropy at zero detuning δ = 0 with the initial entropy, we obtain the relation between the initial temperature T ini and the final temperature T f . In the low temperature limit, using Eqs. (50) and (54), we obtain the explicit formula
(56)
In the high temperature limit, the heteronuclear molecular population is so small that the contribution of the heteronuclear molecule entropy to the total entropy is small. As a result, one has T f ≈ T ini in the high temperature region. Fig. 14 (A) shows the numerical result for the final temperature as a function of the initial temperature, assuming α = 2/15 (which is less than α c =ω
We also plot the result of the low temperature limit given in Eq. (56).
We next consider the case α ≥ α c =ω 
The population of each component below T c at zero dutuning δ = 0 is given by
The population ratio of a fermionic majority component and a fermionic hetorunuclear molecule are constant with the bosonic minority component being Bose condensed, consistent with the fugacity relation z > = z m at zero detuning δ = 0 below T c where z < = 1.
The final entropy at zero detuning δ = 0 in the low temperature limit is given by
where the approximation leading to the last line is valid for
By connecting the final entropy with the initial entropy, we obtain the relation between the initial temperature and the final temperature. In Fig. 14 (B) , we plot the numerical result for the final temperature assuming α = 3/4 (which is greater than α c =ω
We also plot the analytical result in the low temperature limit, given by
Below T c and at zero detuning δ = 0, the population ratio of the majority component and the heteronuclear molecule becomes constant, which follows from the fugacity relation z > = z m . As a result, the molecular conversion efficiency below T c is given by respectively, where a minority atomic gas becomes Bose-condensed at low temperature. A critical value α c =ω
is a boundary that makes the trend of the conversion efficiency change, as shown in Fig. 15 .
In Fig. 16 , we plot the α-dependence of the maximum conversion efficiency for equal trap frequenciesω > =ω < =ω m . The maximum conversion efficiency χ 0,max dramatically changes at α = 1/2. The maximum conversion efficiency χ 0,max ranges from 50% to 100%, depending on the initial number ratio α. In general, for α ≥ α c =ω , where a trap frequency of the fermionic majority componentω > is denoted asω F . We find that the maximum conversion efficiency is determined by initial number ratio and trap frequencies of fermionic components, which are both atoms and heteronuclear molecules. This result shows that fermionic components play a crucial role in determining each population, because energies of fermionic components are dominant for the total energy rather than bosonic one in the low temperature region. We note that one can achieve large conversion efficiency by making the trap frequencies of atoms larger than that of heteronuclear molecules, because the density of states of the heteronuclear molecule is higher than that of atoms in this case. This becomes more apparent when one writes the maximum conversion efficiency in Eq. (62) as
where we define an atomic trap frequencies asω a . This effect can be also seen in the case {B > + B < ↔ B m }, as well as cases {B > + F < ↔ F m } and {F > + B < ↔ F m }.
VI. GAS OF MAJORITY FERMIONIC ATOM, MINORITY FERMIONIC ATOM AND ITS HETERONUCLEAR MOLECULE
Finally, we consider the case with a majority fermionic atom:
the two constraints in Eqs. (2) and (4), the populations are given by
where N m c is the population of the condensed heteronuclear molecule. The condition for heteronuclear molecular condensation is 2µ 1 + (1 − α)µ 2 − δ = 0. We assume the ratio α = 2/15, and equal trap frequenciesω > =ω < =ω m .
and N m /N tot . Fig. 18 (D) shows the heteronuclear molecule condensate fraction defined by N m c /N tot . Fig. 19 shows the contours of constant entropy assuming the system traverses through the adiabatic ramp, where the total entropy is given by
In Refs. [14] and [16] , populations and adiabatic trajectories assuming population balanced gas and equal trap frequencies are plotted in δ-T plane. The characteristic behaviors plotted in this section do not change compared with results in Refs. [14] and [16] .
The critical detuning δ c below which Bose condensation of molecules occurs at zero temperature T = 0 is given by
At δ = δ c , heteronuclear molecules do not exist since there is no thermal component at T = 0. At this point, populations of the majority and the minority components are given by N > = N tot /(1 + α) and N < = N tot α/(1 + α). The critical value δ c is also represented as
, where E > F and E < F are Fermi energies of a majority and minority components. Just below δ c at T = 0, although the single-particle lowest energy of heteronuclear molecules is higher than that of atoms, condensed heteronuclear molecules exist owing to Pauli's exclusion principle. At zero detuning δ = 0, the condition for heteronuclear molecular condensation is given by µ 1 = −(1 − α)µ 2 /2. Chemical potentials of majority and minority components µ > and by
At T = 0, the conversion efficiency χ 0 is 100%, which gives the maximum conversion.
On the other hand, the initial entropy in the low temperature limit is given by
Connecting the final entropy at zero detuning with the initial entropy, we obtain the relation between the initial temperature T ini and the final temperature T f . In the low temperature limit, the analytical expression for this relation is given from Eqs. (67) and (69) as
In the high temperature limit, the heteronuclear molecular population is so small that the contribution of the heteronuclear molecule entropy to the total entropy is small. As a result, one has T f ≈ T ini in the high temperature region. Fig. 20 shows the numerical result for the final temperature as a function of the initial temperature for α = 2/15. We also show the analytical result in the low temperature limit given in Eq. (70). In the population balanced case α = 1, the final entropy in the low temperature limit is only composed of the heteronuclear molecule entropy given by
. In this case, the relation between the initial and final temperatures in the low temperature limit is given by populations are discussed in Refs. [7] and [14] . The behavior shown in Fig. 21 is qualitatively consistent with the results in Ref. [14] .
VII. EXPLICIT FORMULA FOR CONVERSION EFFICIENCY
In Ref. [1] , the SPSS model predicted the conversion efficiency as a function of the peak phase space density. On the other hand, Williams et al. [7] explicitly derived the conversion efficiency as a function of the initial peak phase space density within the classical gas approximation. Both results are in good agreement with the experimental result [1] . In this section, we explicitly derive the conversion efficiencies for the heteronuclear Feshbach molecule in population imbalanced case as a function of initial peak phase space density above T c , treating a majority component as a quantum degenerate gas.
We use the Bose or Fermi distribution function for a majority component, while we use the Maxwell-Boltzmann distributions for a minority atomic component and heteronuclear molecules, because these minority densities are so small that interparticle distances are larger than the thermal de Broglie wavelength. In this approximation, the Bose and Fermi integrals for the minority component and heteronuclear molecules are given approximately by
First, we consider the case with majority bosonic atoms within the approximation mentioned above, the number of each component is given by
The entropy of each component is given by
The molecular conversion efficiency is then given by
tot ). According to the above equation and two constraints in Eqs. (2) and (4) for populations, we obtain z m , z < , and t 3 G 3 (z > ) at zero detuning δ = 0 as a function of χ 0 ;
From the relation z m = z > z < for fugacities at zero detuning δ = 0, the fugacity of the majority component z > as a function of χ 0 is given by
Using these equations, we obtain the final total entropy at zero detuning δ = 0 as a function of α, χ 0 , γ < and γ m ,
On the other hand, the initial numbers of particles are given by
The peak phase space density of a bosonic majority component is given by
where λ > is a thermal de Broglie wavelength of a majority component given by
1/2 , with m > being an atomic mass of the majority component. We obtain the fugacity z > as a function of ρ > pk ;
By making use of the equation of the second constraint 0 = N <,ini − αN >,ini , we obtain the relation between z <,ini and z >,ini ;
The initial total entropy is given as a function of the ratio α and the initial peak phase space density of a majority component ρ > pk,ini ;
By equating the final entropy with the initial entropy, we obtain the relation between the molecular conversion efficiency χ 0 and the initial peak phase space density of a majority
Since the fugacity of the majority component z > should be less than unity, it follows from Eq. (77) that the range of the conversion efficiency above the transition temperature of the majority atomic component BEC is limited as
This maximum conversion efficiency is consistent with our results discussed in Sec III and IV, in the case where the majority component is bosonic.
Using the similar procedure, we consider the case with a majority fermionic component.
In this case, a peak phase space density ρ > pk,ini is given by
The relation analogous to Eq. (84) for a fermionic majority component is obtained by simply replacing the Bose integral with the Fermi integral,
According to Eqs. (84) and (87), we find that the initial atomic population ratio α and the ratio of the trap frequencies of the minority atomic component and hetoronuclear molecular componentω m /ω < as well as the initial peak phase space density of the majority atomic component ρ > pk,ini determine the molecular conversion efficiency χ 0 in the adiabatic ramp to form the heteronuclear Feshbach molecule.
In the high temperature region, one can also use the Maxwell-Boltzmann distribution for a majority component;
In this situation, a fugacity of a majority component is approximately given by
Quantum statistics is not important in this region. For classical gases, the relation between the molecular conversion efficiency χ 0 and the initial peak phase space density of a majority component ρ > pk,ini is given by
If we consider the population balanced case α = 1 and equal trap frequenciesω < =ω m , we recover the result given by Williams et al [7] ; ln ρ > pk,ini = 2χ 0 + ln
By using the relation γ 3 < ρ < pk,ini = αρ > pk,ini obtained from Eq. (4) for the initial state, we also obtain the relation between the molecular conversion efficiency χ 0 and the initial peak phase space density of a minority component ρ < pk,ini ; the low initial peak phase space density limit. Fig. 22 (B) shows the case where the majority atomic component is fermionic. The solid line is the numerical result of {F > + B < ↔ F m } discussed in Sec. V. The dashed line is the numerical result of {F > + F < ↔ B m } discussed in Sec. VI. The dot-dashed line is the result of our formula given in Eq. (87), reproducing two numerical lines quite well. The dotted line is the result of the classical limit given in Eq. (89), which agrees with three lines in the low initial peak phase space density limit.
Only in the case {F > +B < ↔ F m } discussed in Sec. V, the maximum conversion efficiency depends on the initial atomic population ratio α. To summarize, we found that the molecular conversion efficiency in an adiabatic sweep is well described as a function of the initial number ratio and the ratio of the trap frequencies of the minority atomic component and the heteronuclear molecular component as well as the initial peak phase space density
in the case where populations of the minority component and the heteronuclear molecule are small.
VIII. CONCLUSION
In this paper, we studied formations of heteronuclear Feshbach molecules in population imbalanced atomic gases, extending the recent work [7] on the Feshbach molecule formation.
At low temperature in quantum degenerate regime, quantum statistics of atoms plays an important role in determining conversion efficiencies.
When the majority and minority atomic components are both bosonic, the maximum conversion efficiency is determined by the trap frequencies of the minority atomic component and heteronuclear molecules. Our calculation is in good agreement with the recent experiment [5] without any fitting parameters. An important finding is that one cannot convert any atoms into heteronuclear Feshbach molecules in the limit T ini → 0. On the other hand, when gases are composed of fermionic atoms and bosonic atoms, the maximum conversion efficiencies are determined by the trap frequencies of fermionic atoms and heteronuclear molecules as well as initial number ratio. In the case that both atomic components are fermionic, the maximum conversion efficiency is 100%. In general, when atoms are not Bose condensed even at zero temperature at zero detuning, the molecular conversion efficiency reaches 100%. When one atomic component undergoes Bose-Einstain condensation but the other component does not at zero detuning, the conversion efficiency does not reach 100%, exhibiting a plateau.
In the region where the gases are not condensed, the conversion efficiency is described as an explicit function of the initial number ratio of atoms and trap frequencies of minority component and heteronuclear molecule as well as the initial peak phase space density of a majority atomic component. We found that in the low-density region where Bose-Einstein condensation does not appear, the conversion efficiency is a monotonic function of the peak phase space density, but independent of statistics of the minority component.
Throughout this paper, we assumed equal trap frequencies in all figures for simplicity.
This simple assumption is valid for loosely bounded Feshbach molecules composed of isotopic atoms. Although qualitative behaviors with respect to all figures do not change when we assume different trap frequencies, we note that the maximum conversion efficiencies depend on trap frequencies if BEC of the single atomic component appears.
Finally, we note that the theory of Feshbach molecule formation proposed by Williams et al. [7] brings the result quite different from the SPSS model of Ref. [1] in the low temperature region.
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